
Empirical Risk Minimization and 
Maximum Likelihood Estimation

CPT_S 434/534 Neural network design and application
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Empirical risk minimization

Empirical risk

2= 𝑂( 1/𝑚)

Controlled by 
constraints/regularization

Q: How to control?

Plug in



Empirical risk minimization

min
ℎ

Too hard: need a surrogate
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Maximum likelihood principle

Screenshot from https://en.wikipedia.org/wiki/Bernoulli_distribution 

Bernoulli distribution:

(x_i, y_i) → p(x_i) is the underlying probability of x_i belonging to class 1 (y_i = 1)

Observe n samples (simultaneously)

Likelihood function

4

https://en.wikipedia.org/wiki/Bernoulli_distribution


Maximum likelihood estimation (MLE)

• Likelihood function

𝐿 𝑤 = 𝑃𝑤 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛 = 𝑓 𝑤; 𝑥1  × ⋯ × 𝑓 𝑤; 𝑥𝑛 = ෑ

𝑖=1

𝑛

𝑓(𝑤; 𝑥𝑖)

approximate
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Maximum likelihood estimation (MLE)

• Maximizing likelihood function
max

𝑤
𝐿 𝑤 = ෑ

𝑖=1

𝑛

𝑓(𝑤; 𝑥𝑖)

Difficult to optimize
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Maximum likelihood estimation (MLE)

• Maximizing likelihood function

• Maximizing log-likelihood function

max
𝑤

𝐿 𝑤 = ෑ

𝑖=1

𝑛

𝑓(𝑤; 𝑥𝑖)

max
𝑤

log 𝐿 𝑤 = log ෑ

𝑖=1

𝑛

𝑓 𝑤; 𝑥𝑖 = ෍

𝑖=1

𝑛

log(𝑓(𝑤; 𝑥𝑖))

Difficult to optimize

Easy to optimize

Q: how to approximate the probability?
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Logistic function

• Logistic regression

min
𝑤

1

𝑛
෍

𝑖=1

𝑛

log 1 + 𝑒− 2𝑦𝑖−1 𝑓 𝑤;𝑥𝑖 = − max
𝑤

1

n
෍

𝑖=1

𝑛

log
1

1 + 𝑒− 2𝑦𝑖−1 𝑓 𝑤;𝑥𝑖

𝑓𝑠𝑖𝑔𝑚𝑜𝑖𝑑 𝑧 =
1

1 + 𝑒−𝑧

Probability=1

Probability=0
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Softmax function

• Softmax function: generalization of logistic function to multiclass

𝑓𝑠𝑖𝑔𝑚𝑜𝑖𝑑 𝑧 =
1

1 + 𝑒−𝑧

𝑓𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑧𝑘 =
𝑒𝑧𝑘

σ𝑗=1
𝐾 𝑒𝑧𝑗

Normalization: summation of all elements=1 

𝑧 ∈ ℝ: prediction to class 1

𝑧 ∈ ℝ𝐾: prediction to K classes

Prediction: probability-like output
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Softmax function

• Logistic model (binary classification)

min
𝑤

1

n
෍

𝑖=1

𝑛

log(1 + 𝑒−(2𝑦𝑖−1)𝑓(𝑤;𝑥𝑖)) = 𝑚𝑖𝑛
𝑤

−
1

n
෍

𝑖=1

𝑛

log 𝑓𝑠𝑖𝑔𝑚𝑜𝑖𝑑((2𝑦𝑖−1)𝑓(𝑤; 𝑥𝑖)) 
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Softmax function

• Logistic model (binary classification)

• Softmax classifier (multiclass classification)

min
𝑤

1

n
෍

𝑖=1

𝑛

log(1 + 𝑒−(2𝑦𝑖−1)𝑓(𝑤;𝑥𝑖)) = 𝑚𝑖𝑛
𝑤

−
1

n
෍

𝑖=1

𝑛

log 𝑓𝑠𝑖𝑔𝑚𝑜𝑖𝑑((2𝑦𝑖−1)𝑓(𝑤; 𝑥𝑖)) 

min
𝑤

−
1

n
෍

𝑖=1

𝑛

෍

𝑘=1

𝐾

𝑦𝑖,𝑘 log 𝑓𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝑓(𝑤; 𝑥𝑖,𝑘)) Cross-entropy loss
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Softmax function

• Logistic model (binary classification)

• Softmax classifier (multiclass classification)

min
𝑤

1

n
෍

𝑖=1

𝑛

log(1 + 𝑒−(2𝑦𝑖−1)𝑓(𝑤;𝑥𝑖)) = 𝑚𝑖𝑛
𝑤

−
1

n
෍

𝑖=1

𝑛

log 𝑓𝑠𝑖𝑔𝑚𝑜𝑖𝑑((2𝑦𝑖−1)𝑓(𝑤; 𝑥𝑖)) 

min
𝑤

−
1

n
෍

𝑖=1

𝑛

෍

𝑘=1

𝐾

𝑦𝑖,𝑘 log 𝑓𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝑓(𝑤; 𝑥𝑖,𝑘)) 

෍

𝑘=1

𝐾

𝑦𝑖,𝑘log
𝑒𝑓(𝑤;𝑥𝑖,𝑘)

σ𝑗=1
𝐾 𝑒𝑓(𝑤;𝑥𝑖,𝑗)

= ෍

𝑘=1

𝐾

𝑦𝑖,𝑘𝑓 𝑤; 𝑥𝑖,𝑘 − ෍

𝑘=1

𝐾

𝑦𝑖,𝑘log ෍

𝑗=1

𝐾

𝑒𝑓(𝑤;𝑥𝑖,𝑗)

= ෍

𝑘=1

𝐾

𝑦𝑖,𝑘𝑓 𝑤; 𝑥𝑖,𝑘 − log ෍

𝑗=1

𝐾

𝑒𝑓(𝑤;𝑥𝑖,𝑗)

Cross-entropy loss

=1

(Usually used in deep learning)
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Why is ERM general?

• Including many objective functions used in machine learning

• MLE: a special case of ERM
• E.g., logistic regression

min
𝑤

1

n
෍

𝑖=1

𝑛

log(1 + 𝑒−(2𝑦𝑖−1)𝑓(𝑤;𝑥𝑖))
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Why is ERM general?

• Including many objective functions used in machine learning

• MLE: a special case of ERM
• E.g., logistic regression

min
𝑤

1

n
෍

𝑖=1

𝑛

log(1 + 𝑒−(2𝑦𝑖−1)𝑓(𝑤;𝑥𝑖))

= −max −
𝑤

1

n
෍

𝑖=1

𝑛

log 1 + 𝑒−(2𝑦𝑖−1)𝑓(𝑤;𝑥𝑖)
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Why is ERM general?

• Including many objective functions used in machine learning

• MLE: a special case of ERM
• E.g., logistic regression

min
𝑤

1

n
෍

𝑖=1

𝑛

log(1 + 𝑒−(2𝑦𝑖−1)𝑓(𝑤;𝑥𝑖))

= −max −
𝑤

1

n
෍

𝑖=1

𝑛

log 1 + 𝑒−(2𝑦𝑖−1)𝑓(𝑤;𝑥𝑖)

= −max
𝑤

1

n
෍

𝑖=1

𝑛

log
1

1 + 𝑒−(2𝑦𝑖−1)𝑓(𝑤;𝑥𝑖)
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Determining model parameters

• An optimization problem (on training set)

• Analytical solution?

n training data

𝑚𝑖𝑛𝑤𝑓 𝑤 =
1

𝑛
෍

𝑖=1

𝑛

𝑙 𝑓 𝑤; 𝑥𝑖 , 𝑦𝑖 =
1

2𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤 − 𝑦𝑖

2

Objective function
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Determining model parameters

• An optimization problem (on training set)

• Analytical solution?

n training data

𝑚𝑖𝑛𝑤

1

2𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤 − 𝑦𝑖

2

𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0

𝑌 =

𝑦1
𝑦2

…
𝑦𝑛

∈ ℝ𝑛

𝑋 = 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ ℝ𝑑×𝑛

𝑚𝑖𝑛𝑤𝑓 𝑤 =
1

𝑛
෍

𝑖=1

𝑛

𝑙 𝑓 𝑤; 𝑥𝑖 , 𝑦𝑖 =
1

2𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤 − 𝑦𝑖

2

Objective function

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0
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Determining model parameters

• An optimization problem (on training set)

• Analytical solution?

𝑚𝑖𝑛𝑤𝑓 𝑤 =
1

𝑛
෍

𝑖=1

𝑛

𝑙 𝑓 𝑤; 𝑥𝑖 , 𝑦𝑖 =
1

2𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤 − 𝑦𝑖

2

n training data

𝑚𝑖𝑛𝑤

1

2𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤 − 𝑦𝑖

2

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0 𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0 𝑤∗ = (𝑋𝑋′)−1𝑋𝑌

𝑌 =

𝑦1
𝑦2

…
𝑦𝑛

∈ ℝ𝑛

𝑋 = 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ ℝ𝑑×𝑛

Objective function
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Determining model parameters

• An optimization problem (on training set)

• Analytical solution?

𝑚𝑖𝑛𝑤𝑓 𝑤 =
1

𝑛
෍

𝑖=1

𝑛

𝑙 𝑓 𝑤; 𝑥𝑖 , 𝑦𝑖 =
1

2𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤 − 𝑦𝑖

2

n training data

𝑚𝑖𝑛𝑤

1

2𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤 − 𝑦𝑖

2

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0 𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0 𝑤∗ = (𝑋𝑋′)−1𝑋𝑌

𝑌 =

𝑦1
𝑦2

…
𝑦𝑛

∈ ℝ𝑛

𝑋 = 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ ℝ𝑑×𝑛

Objective function
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Determining model parameters

• Computational complexity for the analytical solution?

• Inverse of a scalar?

𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0 𝑤∗ = (𝑋𝑋′)−1𝑋𝑌

𝑥 𝑥−1 = 1 → 𝑥−1 = 1/𝑥

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0
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Determining model parameters

• Computational complexity for the analytical solution?

• Inverse of a scalar?

• Inverse of a matrix?

𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0 𝑤∗ = (𝑋𝑋′)−1𝑋𝑌

𝑥 𝑥−1 = 1 → 𝑥−1 = 1/𝑥

𝑋𝑋−1 = 𝐼 =
1 0 0
0 1 0
0 0 1

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0
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Determining model parameters

• Computational complexity for the analytical solution?

𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0 𝑤∗ = (𝑋𝑋′)−1𝑋𝑌

Screenshot from https://en.wikipedia.org/wiki/Computational_complexity_of_mathematical_operations#Matrix_algebra 

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0
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Determining model parameters

• Computational complexity for the analytical solution?

𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0 𝑤∗ = (𝑋𝑋′)−1𝑋𝑌

Screenshot from https://en.wikipedia.org/wiki/Computational_complexity_of_mathematical_operations#Matrix_algebra 

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0
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Not every matrix has inversion

https://en.wikipedia.org/wiki/Computational_complexity_of_mathematical_operations


Determining model parameters

• Computational complexity for the analytical solution?

• Matrix multiplication:

𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0 𝑤∗ = (𝑋𝑋′)−1𝑋𝑌∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0
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Determining model parameters

• Computational complexity for the analytical solution?

• Matrix multiplication:

𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0 𝑤∗ = (𝑋𝑋′)−1𝑋𝑌

𝑋𝑋′: d × n × d 𝑋𝑌: d × n (𝑋𝑋′)−1𝑋𝑌: 𝑑 × 𝑑 × 𝑛 → 𝑂(𝑑2𝑛)

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0
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Determining model parameters

• Computational complexity for the analytical solution?

• Matrix multiplication:

• Inverse of a matrix:

𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0 𝑤∗ = (𝑋𝑋′)−1𝑋𝑌

𝑋𝑋′: d × n × d (𝑋𝑋′)−1𝑋𝑌: 𝑑 × 𝑑 × 𝑛

(𝑋𝑋′)−1:  𝑂(𝑑2.373)

→ 𝑂(𝑑2𝑛)

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0

26
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Determining model parameters

• Computational complexity for the analytical solution?

• Matrix multiplication:

• Inverse of a matrix:

• Total complexity

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  0 𝑋𝑋′𝑤∗ − 𝑋𝑌 = 0 𝑤∗ = (𝑋𝑋′)−1𝑋𝑌

𝑋𝑋′: d × n × d (𝑋𝑋′)−1𝑋𝑌: 𝑑 × 𝑑 × 𝑛

(𝑋𝑋′)−1:  𝑂(𝑑2.373)

→ 𝑂(𝑑2𝑛)

𝑂(𝑑2𝑛 + 𝑑2.373)

27

𝑋𝑌: d × n



Determining model parameters

• Gradient descent (GD)

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  𝑂(𝑑𝑛)

𝑤𝑡+1 = 𝑤𝑡 − 𝛼𝑡∇𝑤𝑓(𝑤𝑡)  → 𝑂(𝑑) An iterative algorithm
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Determining model parameters

• Gradient descent (GD)

Step size (learning rate): 
usually pre-defined

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  𝑂(𝑑𝑛)

𝑤𝑡+1 = 𝑤𝑡 − 𝛼𝑡∇𝑤𝑓(𝑤𝑡)  → 𝑂(𝑑) An iterative algorithm
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Determining model parameters

• Can Gradient Descent (GD) do better?

Step size (learning rate): 
usually pre-defined

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  𝑂(𝑑𝑛)

𝑤𝑡+1 = 𝑤𝑡 − 𝛼𝑡∇𝑤𝑓(𝑤𝑡)  → 𝑂(𝑑) An iterative algorithm

30[Jung2018]



Determining model parameters

• Gradient descent (GD)

• Suppose run GD for T iterations

• Total complexity

𝑂(𝑑𝑛𝑇)

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  𝑂(𝑑𝑛)

𝑤𝑡+1 = 𝑤𝑡 − 𝛼𝑡∇𝑤𝑓(𝑤𝑡)  → 𝑂(𝑑) An iterative algorithm
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Determining model parameters

• Gradient descent (GD)

• Suppose run GD for T iterations

• Total complexity

𝑂(𝑑𝑛𝑇) VS. 𝑂(𝑑2𝑛 + 𝑑2.373) for the closed form solution

∇𝑤𝑓(𝑤) =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖  →  𝑂(𝑑𝑛)

𝑤𝑡+1 = 𝑤𝑡 − 𝛼𝑡∇𝑤𝑓(𝑤𝑡)  → 𝑂(𝑑) An iterative algorithm
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Determining model parameters

• When to terminate GD (determining T)?
• Convergence rate for GD?

[Nesterov 2003]
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Determining model parameters

• When to terminate GD (determining T)?
• Convergence rate for GD?

[Nesterov 2003]

= 𝜖 k = 𝑂(𝑎𝑘)

34

Approximated solution (not exact)



Determining model parameters

• When to terminate GD (determining T)?
• Convergence rate for GD?

[Nesterov 2003]

= 𝜖 k = 𝑂(𝑎𝑘)

𝑘 = 𝑂( 𝑙𝑜𝑔1/𝑎(1/𝜖))
35

0 < 𝑎 < 1

Approximated solution (not exact)



Determining model parameters

• Now we can answer the question:

        Can Gradient Descent (GD) do better?

GD
𝑂(𝑑𝑛𝑇)

Analytical solution
 𝑂(𝑑2𝑛 + 𝑑2.373)

VS

36



Determining model parameters

• Now we can answer the question:

        Can Gradient Descent (GD) do better?

GD
𝑂(𝑑𝑛𝑇)

Analytical solution
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VS
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Determining model parameters

• Is log term 𝑙𝑜𝑔1/𝑎(1/𝜖) large?
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Determining model parameters

• Is 𝑑 large?
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Determining model parameters

• Is 𝑑 large?

Screenshot from https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/ 

1,000,000

1,000,000
1,000,000

20,216,830
29,890,095
1,164,024
54,686,452
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Determining model parameters

• Is 𝑑 large?

        Yes! GD
𝑂(𝑑𝑛𝑇)

𝑂(𝑑𝑛 × 𝑙𝑜𝑔1/𝑎(1/𝜖))

VS
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 𝑂(𝑑2𝑛 + 𝑑2.373)



Determining model parameters

• Is 𝑑 large?

        Yes! GD
𝑂(𝑑𝑛𝑇)

Analytical solution
 𝑂(𝑑2𝑛 + 𝑑2.373)

𝑂(𝑑𝑛 × 𝑙𝑜𝑔1/𝑎(1/𝜖))

VS

If:
𝑛 = 108

𝑑 = 106
(106)2 × 108 − 106 × 108 = 1020 − 1014 ≈ 1020

𝑂 𝑑𝑛 × 𝑙𝑜𝑔𝑎

1

𝜖
≪ 𝑂(𝑑2𝑛 + 𝑛2.373)
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Determining model parameters

• Stochastic gradient descent (SGD)

∇𝑤𝑓(𝑤) =
1

𝑏
෍

𝑖=1

𝑏

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖 → 𝑂(𝑑𝑏)

𝑤𝑡+1 = 𝑤𝑡 − 𝛼𝑡∇𝑤𝑓(𝑤𝑡)  → 𝑂(𝑑) An iterative algorithm
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• Stochastic gradient descent (SGD)

∇𝑤𝑓(𝑤) =
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𝑏
෍

𝑖=1

𝑏

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖 → 𝑂(𝑑𝑏)

𝑤𝑡+1 = 𝑤𝑡 − 𝛼𝑡∇𝑤𝑓(𝑤𝑡)  → 𝑂(𝑑) An iterative algorithm

45Hazan, Elad, and Satyen Kale. "Beyond the regret minimization barrier: optimal algorithms for stochastic strongly-convex 
optimization." The Journal of Machine Learning Research 15, no. 1 (2014): 2489-2512.
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1

𝜖
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Determining model parameters

• Stochastic gradient descent (SGD)

∇𝑤𝑓(𝑤) =
1

𝑏
෍

𝑖=1

𝑏

𝑥𝑖
′𝑤𝑥𝑖 − 𝑦𝑖𝑥𝑖 → 𝑂(𝑑𝑏)

𝑤𝑡+1 = 𝑤𝑡 − 𝛼𝑡∇𝑤𝑓(𝑤𝑡)  → 𝑂(𝑑) An iterative algorithm
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𝑂(𝑑𝑏𝑇)

Hazan, Elad, and Satyen Kale. "Beyond the regret minimization barrier: optimal algorithms for stochastic strongly-convex 
optimization." The Journal of Machine Learning Research 15, no. 1 (2014): 2489-2512.

= 𝜖 T  → 𝑇 = 𝑂(
1

𝜖
)

𝑂(𝑑𝑏
1

𝜖
)

Analytical solution
 𝑂(𝑑2𝑛 + 𝑑2.373)

𝑑𝑛 ≫ 𝑏/𝜖
𝑏>=1

Randomly sample b data

𝜖 = 𝑂(1/ 𝑛)
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